Abstract. For anyİnönü-Wigner contraction of a three dimensional Lie algebra we construct the corresponding contractions of representations. Our method is quite canonical in the sense that in all cases we deal with realizations of the representations on some spaces of functions; we contract the differential operators on those spaces along with the representation spaces themselves by taking certain pointwise limit of functions. We call such contractions strong contractions. We show that this pointwise limit gives rise to a direct limit space. Many of these contractions are new and in other examples we give a different proof.
Introduction
In this paper we obtain contractions of Lie algebra representations for all the proper [1] Inönü-Wigner contractions (IW-contractions) [2, 3] of three dimensional Lie algebras. More precisely, if a three dimensional Lie algebra G 0 is a contraction of G then for any irreducible representation η of G 0 that comes from some unitary representation of the corresponding Lie group we find a family of representations of G that contract to η. We do not consider the rather trivial case of one dimensional representations. Some contractions of representations of three dimensional Lie algebras were obtained in e.g., [2, 4, 5, 6, 7] . More examples can be found by e.g., [8, 9, 10, 11, 12] . We present a systematic and unified approach to contraction of the representations of the three dimensional Lie algebras. Some of the contractions that we obtain are new and in the other cases we present a new proof. The type of convergence that we obtain is as follows. We start with a sequence of functions {f n (x)} ∞ n=0 that converges to f (x) pointwise and in L 2 norm. For a sequence of differential operators {ρ n } ∞ n=0 we get ρ n (f n (x)) converges to ρ ∞ (f (x)) (1) where ρ ∞ is some differential operator on our space and the convergence is pointwise and in L 2 norm. We call such contractions strong contractions of representations.
It seems that the strong contraction procedure, as it is based on representations that are realized on some functions spaces, possess a geometrical interpretation. It is possible to think of contraction as a process of flattening a curved space. On the level of Lie algebras this is reflected by the fact that after contraction we get a more abelian Lie algebra. When the group or the symmetric space is contracted we get a flatter space (See [8, 13, 14] ). On the other hand, when contracting the representation spaces using limits of matrix elements it is very difficult to see the flattening procedure or how the limiting parameter makes the spaces more flat. Contracting using differential operators reveals the flattening procedure. To illustrate this point we consider the famous contraction ofİnönü and Wigner [2] , contracting representations of su (2) into a representation of iso (2) . The contraction process takes a series of finite dimensional representations of increasing dimension and "contracts" them into an infinite dimensional representation of iso (2) . It is not clear why the resulting representation is more "flat" than the series from which it is obtained. On the other hand, consider the following "strong contraction" of the same representations. We realize the finite dimensional representation of dimension 2l + 1 as the space of spherical functions of degree l spanned by the spherical harmonics Y m l . These can be thought of as functions of the angular coordinates (θ, ϕ). We can identify a point on the sphere with a point on the disk with radius θ and angle ϕ. We dilate the disk by l by multiplying the θ coordinate by l to obtain the coordinates (lθ, ϕ). Applying the same transformation to the Y m l we get functions on a disk of radius lπ (or a sphere of radius l). Letting l go to infinity we obtain a limit of functions on increasing size disks or spheres thus obtaining a function on a flat space (the Euclidean plane). We show (subsection 5.7) that such a limit exists and induces the same contraction considered byİnönü and Wigner. Our construction illustrates the geometric effect of the parameter l as a contraction parameter.
The strong contraction approach allowed us to obtain many new contractions. For a list of those see 6.3.
Our paper is divided as follows: In the next section we recall the definition for contraction of Lie algebras. In section 3 we give a definition for strong contraction of Lie algebra representations. In section 4 we list all the three dimensional real Lie algebras and their proper IW-contractions. In section 5 we give explicitly all contractions of Lie algebra representations for each proper IW-contraction of a real three dimensional Lie algebra. In the appendix we review briefly the notion of direct limit in the category of inner product spaces and give a definition for contraction of Lie algebra representations in terms of direct limit. We show that a strong contraction for which we also have a compatible family of bases gives a contraction by means of convergence of matrix elements.
Preliminaries
Roughly speaking contraction of a Lie algebra/group is the process of obtaining one Lie algebra/group as some kind of limit from another Lie algebra/group. The first to investigate such kind of limits was Segal [15] in 1951. He was motivated by the fact that quite often one physical theory approximates or tends under some limit to another physical theory. His idea was that if two theories (e.g., relativistic and classical mechanics) are related by a limiting process, then the associated Lie groups/algebras (e.g., Poincaré and Galilei groups) should also be related by some limiting process. This idea was studied further in 1953 byİnönü and Wigner [2, 3] who introduced the so-calledİnönü-Wigner contractions (IW-contractions). In 1961 Saletan [16] defined a contraction of Lie algebras and the IW-contractions are special cases of his definition. We now give the formal definition for contraction of Lie algebras using notations that are similar to those of Weimar-Woods [1] .
) be a Lie algebra with an underlying vector space U and a Lie bracket [ , ] . For every ǫ ∈ (0, 1] let t ǫ : U −→ U be an invertible linear transformation. If for every X, Y ∈ U
exists we will denote it by
is a Lie algebra and we call G 0 the contraction of G by t ǫ and we write G
If there are bases for U such that the matrix that represents t ǫ relative to those bases is of the form diag(1, 1...1, ǫ, ǫ, ...ǫ) then the contraction is called a simple IW-contraction or just an IW-contraction.
There is an analogous definition for the case that the limit (2) is meaningful only on a sequence {ǫ n } ∞ n=0 which converges to zero when n −→ ∞.
) be a Lie algebra with an underlying vector space U and a Lie bracket [ , ] . For every n ∈ N let t n : U −→ U be an invertible linear transformation. If for every X, Y ∈ U
exists we will denote it by [X, Y ] ∞ . In this case
is a Lie algebra and we call G ∞ the sequential contraction of G by t n and we write G tn → G ∞ . We sometimes call a sequential contraction just a contraction. By abuse of notation we sometimes denote G ∞ also by G 0 .
Specific examples of contractions of Lie algebras can be found for example in [2, 8, 16, 17] . For generalizations of IW-contractions see for example [18, 19] .
Contraction of representations as pointwise limit.
In the discrete case, i.e., when G tn → G ∞ and we consider a sequence of representations of G, our setting is as follows. For each n ∈ N let X n be a set such that X n+1 ⊇ X n . Let V n be an inner product subspace of L 2 (X n , dµ n ) where µ n is a (positive) measure on X n . Suppose that for every m, n ∈ N such that n ≥ m we have an isometric embedding ϕ mn : V m −→ V n and assume that the embeddings are compatible in the following sense; ϕ nk • ϕ mn = ϕ mk for any m, n, k ∈ N such that m ≤ n ≤ k. Let X = ∞ n=1 X n , and let V be an inner product subspace of L 2 (X, dµ) where µ is a (positive) measure on X.
Definition 3
In the above setting suppose G tn → G ∞ and {(ρ n , V n )} n∈N is a sequence of representations of G. A representation η : G ∞ −→ gl(V ) is called the strong contraction of the sequence of representations {(ρ n , V n )} n∈N with respect to the contraction G tn → G ∞ , and we denote it by ρ n tn → η, if the following conditions hold:
(i) For any m 0 ∈ N any f ∈ V m0 and any x ∈ X, the pointwise limit, lim n−→∞ ϕ m0n (f )(x) exists and defines a function in V which we denote by L(f ).
(iii) L preserves the inner products in the following sense: for every f,
• Since all the ϕ mn are compatible isometric embeddings we can rewrite condition (iii) in the following way: for every
In fact this is a limit of a constant sequence since for any
• One can easily show that under the assumptions of the above definition the inner product space V is the direct limit (see appendix) of the inner product spaces {V n } n∈N .
• In all the cases that we will consider V n and V are dense subspaces of L 2 (X n , dµ n ) and L 2 (X, dµ), respectively.
In the continuous case, i.e., when the contraction parameter varies in (0, 1] and we consider a family of representations of G, our setting is as follows. Let {X ǫ } ǫ∈(0,1] be a family of sets such that for ǫ 2 ≥ ǫ 1 in (0, 1], X ǫ2 ⊆ X ǫ1 . As in the discrete case we have a family of inner product spaces V ǫ ⊆ L 2 (X ǫ , dµ ǫ ) and whenever ǫ 2 , ǫ 1 ∈ (0, 1] satisfy ǫ 2 ≥ ǫ 1 we have an isometric embeddings ϕ ǫ2,ǫ1 : V ǫ2 −→ V ǫ1 and assume that these embeddings are compatible in the following sense; ϕ ǫnǫ k • ϕ ǫmǫn = ϕ ǫmǫ k for any ǫ m , ǫ n , ǫ k ∈ (0, 1] such that ǫ m ≥ ǫ n ≥ ǫ k . We set X = ǫ∈(0,1] X ǫ , and let V be an inner product subspace of L 2 (X, dµ) where µ is some (positive) measure → η if analogous conditions to those in definition 3 hold where instead of taking the limit n −→ ∞ we take ǫ −→ 0 + .
The IW-contractions of the real three dimensional Lie algebras
In this section we list all the real three dimensional Lie algebras (up to an isomorphism) and following Conatser [20] we give the graph of their proper IW-contractions. Table 1 . List of all the three dimensional real Lie algebras is given by specifying the non vanishing commutation relations between the elements of the basis X 1 , X 2 , X 3 .
Our notation
Conatser's notation Commutation relations 
su(2)
One should note that g(−1) = iso(1, 1) and that l(0) = iso (2) . For more information on low-dimensional Lie algebras and their contractions see for example [4, 21, 22, 23, 24] .
Contraction of Lie algebra representations for the real three dimensional Lie algebras
In this section for every arrow in figure 1 we give explicitly a contraction of the corresponding Lie algebras. These contractions are essentially due to Conatser [20] .
Then for every proper IW-contraction of three dimensional real Lie algebras, G t(ǫ) → G 0 we will specify all (except for the one dimensional ones) the skew hermitian irreducible integrable representations (SHIIR) of G 0 . Next for every such a representation η of G 0 we will find a family of representations of G that strongly contract to it. We always start with some family of SHIIR of G and then after intertwining it correctly in an ǫ dependent manner we obtain a suitable family that does strongly contract to η. An important ingredient in our procedure is choosing the suitable realization for each of the SHIIR that takes part in the above contractions. Many of these SHIIR are obtained naturally by Mackey's method [25] for semidirect product groups, since every Lie algebra G 0 which is an IW-contraction corresponds to a semidirect Lie group. In most of the other cases we take the appropriate realizations of the SHIRR from [26] . In the rest of this section we will denote the interval (0, 1] by I 1 .
The contraction: ea −→ h
Set G = ea. The maps
realize the contraction of the Lie algebra and lead to the limit Lie algebra G 0 with bracket given by [X 3 , X 1 + X 2 ] 0 = X 2 which induce the isomorphism
Using the Mackey machine one can show that by running over all A ∈ R * , the maps
(R, dx) stands for the inner product space of compactly supported smooth functions on R that are square integrable relative to the Lebesgue measure. Using Mackey machine again it can be shown that for every For every
we define the linear isometry ϕ ǫi,ǫj : V ǫi −→ V ǫj to be the identity map.
with respect to the contraction
Since the embeddings ϕ ǫiǫj are the identity map they are obviously compatible and satisfy conditions (i, ii) and (iii) in definition 3 and also
2 ))L(f )(x) The above pointwise limit can be shown to be a uniform limit due to the compactness of the support of f and this implies that we also have the desired convergence in norm.
The contraction: iso(2) −→ h
Set G = iso (2) . The maps
realize the contraction of the Lie algebra and lead to [X 3 , X 1 ] 0 = X 2 which induce the isomorphism
Using the Mackey machine one can show that for every (r 1 , r 2 ) ∈ R 2 such that r
, dx) stands for the inner product space of smooth functions on [−π, π] with the standard inner product and such that for all k ∈ N 0 f (k) (±π) = 0. In fact, these are all the SHIIR of iso(2) except for the one dimensional ones. For every ǫ ∈ I 1 let V ǫ be the inner product space L 
ǫ . For ǫ i , ǫ j ∈ I 1 such that ǫ i ≥ ǫ j we define the linear transformation ϕ ǫi,ǫj : V ǫi −→ V ǫj to be the inclusion map that is defined as follows: for any
. This function obviously preserves the inner product and satisfies the compatibility condition. For each ǫ ∈ I 1 we intertwine ρ iso(2) (r1,r2) with P ǫ to get the equivalent representation ρ iso(2) (r1,r2,ǫ) given by:
A is the strong contraction of the family of representations (ρ
with respect to the contraction iso(2)
and zero otherwise. It is easy to see that(i), (ii) and (ii) of definition 3 are satisfied. For (iv) we observe that for f ∈ V ǫ0 and x in the support of f we have:
The above pointwise limit can be shown to be a uniform limit due to the compactness of the support of f and this implies that we also have the desired convergence in norm. Remark 2. Since the support of any Hermite function is not compact the canonical basis for the representations of the Heisenberg Lie algebra which consists of Hermite functions does not belong to our limit space. It seems that one can not find a compatible (see appendix) family of bases such that the matrix elements of these bases converge under contraction to those of the canonical basis.
The contraction
realize the contraction of the Lie algebra and lead to [X 3 , X 1 + X 2 ] 0 = X 1 which induce the isomorphism
Using the Mackey machine one can show that for every a, b ∈ R such that a 2 + b 2 = 0 the map
(a,b) with P ǫ to get the equivalent representation ρ
(a,b,ǫ) given by:
we define the linear isometry ϕ ǫi,ǫj : V ǫi −→ V ǫj to be the identity map. These maps are obviously compatible. 
The proof is similar to that of proposition 1.
The contraction: c −→ h
Set G = c. The maps
realize the contraction of the Lie algebra and lead to [X 3 , X 2 ] 0 = X 1 which induce the isomorphism
Using the Mackey machine one can show that for every a, b ∈ R such that a
is a SHIIR and in fact these are all its SHIIR except for the one dimensional ones. Using the same intertwiner as in the contraction g(λ) λ =1 −→ h we obtain the equivalent representation ρ The proof is similar to that of proposition 1.
The contraction: c −→ g(1)
realize the contraction of the Lie algebra and lead to [X 3 ,
Let V ǫ and ϕ ǫi,ǫj be as in the contraction g(λ) λ =1 −→ h. The proof is similar to that of proposition 1.
The contraction: su(2) −→ iso(2)
Set G = su(2). The maps
For every l ∈ N 0 let H l be the space of spherical harmonics of degree l with the inner product
For any such l the map
is a SHIIR [26] . For every ǫ ∈ (0, ∞) we define the ǫ-deformed disc to be S by ψ ǫ (θ, ϕ) = (ǫθ, ϕ). For every l ∈ N and every ǫ ∈ (0, ∞) we define H (l,ǫ) to be the space of spherical harmonics on S 2 ǫ which is defined to be the image of H l under the map P ǫ that takes f ∈ H l to f • ψ ǫ and we endowed H (l,ǫ) with an inner product which is defined by f, g (l,ǫ) = given by: 
and for i, j ∈ N 0 such that i ≤ j we define ϕ i,j : V i −→ V j to be the linear map that satisfies ϕ i,j (χ
. ϕ i,j are compatible isometric injections. We now give a realization of the SHIIR of iso (2) which is taken from [26] and is more suitable for the contraction su (2) t(ǫ) −→ iso (2) . For every 0 = R ∈ R let Ω R be the the subspace of
On Ω R the SHIIR of iso(2) in polar coordinates is given by:
We remark that the representation η 
is the strong contraction of the family of representations
with respect to the contraction su(2)
proof. Let V be Ω R . We observe that for χ
where J m is the Bessel function of order m and we have used the asymptotic expansion of the spherical harmonics (See page 229 of [26] ). Hence (i) and (ii) of definition 3 hold. Next for any χ m n,ǫ R n ∈ V n and χ
where we have used the fact that the embeddings ϕ nl preserve the inner product and are compatible. This implies that (iii) of definition 3 holds. We can also write (41) in integral form as:
Hence we have the desired pointwise convergence. We note that instead of taking both limits in (43) we can set k = l and take just one limit which is l −→ ∞ and we can rewrite (43) in the following illuminating way:
From the above we see that as we contract i.e., as we take the limit, the differential operators that act on the spherical harmonics along with the spherical harmonics themselves deform into differential operators that act on Bessel functions and into Bessel functions, respectively. For convergence in norm we look at: . Contraction of representations of su(2) to those of iso(2) was considered before for example byİnönü and Wigner [2] which used a different method.
The contraction: sl
For every r ∈ R the map [26] . This SHIIR corresponds in the level of the group to the so called principal unitary series representation of SU (1, 1) ∼ = SL 2 (R) .
For every ǫ ∈ I 1 let V ǫ be the inner product space L 2,∞ ([−π, π], dx). For ǫ i , ǫ j ∈ I 1 such that ǫ i ≥ ǫ j we define the linear transformation ϕ ǫi,ǫj : V ǫi −→ V ǫj to be the identity. ϕ ǫi,ǫj preserve the inner product and they are compatible.
with respect to the contraction sl 2 (R)
The proof is similar to that of proposition 1. Contractions of representations of sl 2 (R) to those of iso(2) were considered before for example by Celeghini and Tarlini [9] which used a different method.
The contraction: sl 2 (R) −→ h
Set G = sl 2 (R). The maps
realize the contraction of the Lie algebra and lead to [X 2 , X 2 + X 3 ] 0 = X 1 which induce the isomorphism
For every ǫ ∈ I 1 let V ǫ be the inner product space L 2,∞ 0
, dx) and we define the function
ǫ . For each ǫ ∈ I 1 we intertwine ρ sl2(R) r− with P ǫ to get the equivalent representation
such that ǫ i ≥ ǫ j we define the linear transformation ϕ ǫi,ǫj : V ǫi −→ V ǫj to be the inclusion map that is defined as follows: for any
. These functions obviously preserve the inner product and are compatible. 
The proof is similar to that of proposition 2.
Contraction of the discrete series representation of sl 2 (R) to the representations of h was considered before by Barut and Girardello [6] which used a different method.
5.10. The contraction: sl 2 (R) −→ iso(1, 1) Set G = sl 2 (R). We will work with the basis
In this basis the commutation relations are given by
The maps
realize the contraction of the Lie algebra and lead to [H,
Before we contract the representations of the Lie algebra, we give the SHIIR of g(−1) = iso(1, 1) in a different realization which better suits our needs. We define a linear isometry τ :
with τ we obtain the following SHIIR
In fact the representations ρ iso(1,1) (±1,b) |b ∈ R exhaust all the SHIIR of iso(1, 1). For every n ∈ N 0 the map
This realization is known as the Kirillov model and it was recently found at [27] . These representations corresponds in the level of the group to the so called discrete series representation of SU (1, 1) ∼ = SL 2 (R) .
For every n ∈ N 0 let V n be the inner product space L 
The above pointwise limit can be shown to be a uniform limit due to the compactness of the support of f and this implies that we also have the desired convergence in norm. Contractions of representations of sl 2 (R) to those of iso(1, 1) were considered before for example by Celeghini and Tarlini [9] and by Barut and Fornsdal [7] which used different methods.
Discussion

Convergence of matrix elements versus convergence of differential operators
The early work ofİnönü and Wigner [2] presented two approaches to contraction of Lie algebra representations. In the first they started with a representation of G which was given by differential operators on some function space. Then they deformed the representation by conjugating it in a way which is dependent on the contraction parameter and leads, under a certain limit, to a representation of G 0 . This approach was demonstrated in the contraction of the two-dimensional affine Lie algebra to the abelian Lie algebra ( [2] p. 514-515). In the second approach they started with a sequence of representations of G such that the matrix elements of the sequence converge to the matrix elements of some fixed representation of G 0 . The contraction of the representations of the Lie algebra of so(3) to those of iso(2) was given as an example ( [2] p. 516-517).
A question that arises naturally is: Can any contraction of Lie algebra representations be realized in both of these approaches ? Since strong contraction of Lie algebra representations is a generalization of the first approach, this paper gives the answer in the three-dimensional case. As we have shown, in the three-dimensional case any SHIIR of the limit Lie algebra, G 0 is a contraction of Lie algebra representations that can be realized as in the first approach ofİnönü and Wigner, i.e., as a (strong) contraction of differential operators on some space of functions. As to the method of convergence of matrix elements, given a contraction (see definition 4 in the appendix) or a strong contraction of Lie algebra representations and compatible (see appendix) bases of the representation spaces, by proposition 14 in the appendix we obtain also a contraction by means of convergence of matrix elements. We emphasize that the existence of compatible bases is not assured. We believe that the strong contractions of representations that was given here in the cases:
do not have compatible bases and therefore cannot be obtained by the method of contraction of matrix elements.
The family of embeddings and the realization of the limit space
In our construction the limit representation space is being realized through pointwise limit of functions under a certain family of compatible embeddings. These embeddings were implicit in the work ofİnönü, Wigner and others but for our construction they are crucial ingredients. Moreover, as it is proved in the appendix, such a family of compatible embeddings gives rise to a direct limit space. In particular, it follows from our work that every SHIIR of the limit three-dimensional Lie algebra is a direct limit space.
The necessity of these embeddings puts some limitations on the realizations of the representations that we can use. It turns out that only certain realizations are suitable for strong contractions. Occasionally it is very difficult to find these particular realizations.For example in the strong contractions of the discrete series representations of sl 2 (R) to the irreducible representations of the Poincare groups iso(1, 1) (section 5.10) we have used the highly non trivial Kirillov model for the discrete series representations of sl 2 (R) whose full description was only obtained lately [27] by the second author. We have tried several different standard realizations of the discrete series for this contraction but the only one that worked was the the realization of the Kirillov model. Another difficulty is that the same group representation induces more than one representation of the associated Lie algebra. Usually one takes the dense subspace of compactly supported smooth functions inside the representation space of the Lie group, but there are several exceptions. For example in the strong contraction of representations for the contractions iso(2) −→ h and sl 2 (R) −→ h (sections 5.2 and 5.9 respectively) instead of working with the subspaces Another problem is that in many cases we needed to intertwine our representations before contracting them. The intertwiner was dependent on the contraction parameter and was difficult to find. For example in section 5.1 the function ν ǫ (x) = e 
New results
The strong contractions of representations in the cases:
• sl 2 (R) −→ h are new. Barut and Girardello [6] gave a contraction of the Lie algebra representations for sl 2 (R) −→ h but they contract the discrete series representations of sl 2 (R) while we contract the continuous series representations. This scenario seems to be a first example for contraction of two inequivalent families of representations of the same Lie algebra that contract to the same representation.
Related works
Contraction of Lie algebra representations in which the representations are realized by differential operators that act on some functions spaces was considered systematically by, e.g., [28, 29, 30, 31, 32, 33] . Their main objective was to look at separation of variables under contraction. While there are some similarities between their work and some examples that we studied, they did not consider the new examples that were mentioned in section 6.3. Moreover our work emphasizes the direct limit structure including the compatible embeddings and the inner product structure. where the second equality is true since the inner product is continuous and the last equality follows from the definition of the inner product in V ∞ and the fact that n is very large. We note that if in addition K is unitary then we have
where , W stands for the inner product on W .
Proposition 12 Suppose G tn → G ∞ . Let {V n , ϕ mn , I 2 } be a directed system of inner product spaces and {(ρ n , V n )} n∈I2 a sequence of representations of G. Suppose that η : G ∞ −→ gl(W ) is a representation such that W has a countable orthonormal basis. Assume that for every n ∈ I 2 there is a linear transformation τ n : V n −→ W that preserves the inner product, such that: 
